We have solved the equation for the two-frequency fourth-order moment of two parallel monochromatic plane waves having different frequencies and propagating through a randomly inhomogeneous medium. The solution procedure uses a two-scale expansion based on the smallness of a new parameter whose magnitude does not depend on the scattering strength. The results are shown to be valid for all values of the scattering parameter. The multidimensional integral expression for the bichromatic correlation was evaluated for a two-dimensional random medium characterized by a Gaussian correlation function. Further simplification was carried out in the strongscattering regime, using asymptotic techniques. It is shown that the bichromatic correlation decreases with the wavelength separation. Its dependence on range is more complicated: Initially it increases with increasing range, only to level off to zero for large enough scattering strength, wavelength separation, and range.
INTRODUCTION
Two collinear, initially overlapping electromagnetic waves, having different frequencies and propagating through a randomly inhomogeneous medium, will experience intensity fluctuations whose magnitude is wavelength dependent. [1] [2] [3] [4] [5] [6] [7] [8] Many investigators have also studied the degree of correlation between the fluctuating intensities at both wavelengths. Thus Tatarskii and Zhukova, 9 Rytov,1 0 Ishimaru," Fuks,12 Baykal and Plonus, 13 Tamir et al.,1 4 and others employed variants of the method of smooth perturbations to obtain results that are valid as long as the intensity fluctuations do not saturate.' In this region of strong light scintillations, Alimov and Eruchimov,' 5 Eruchimov and Uriadov,' 6 Shishov, 17 Fante, 18 and Lee' 9 calculated bichromatic correlations behind both thin and thick random layers. Crucial to their derivations was the assumption that the propagating fields are normally distributed in the strong-scattering regime. Measurements by Gurcvich et al. 8 showed that although the Gaussian assumption is a fair (20%) approximation for the intensity fluctuations at each wavelength, the bichromatic results are not comparable, even by an order of magnitude. Intensity fluctuations and their correlations are currently studied using the fourth moment and its governing partial differential equation. 3 -5 It is natural, therefore, to seek a better understanding of bichromatic correlations from a detailed solution of the above-mentioned equation. Unfortunately, the fourth-moment equation is fairly difficult to solve, involving nine variables in its most general form.
While many approximate solutions were tried, 3 -7 it was only recently that Macaskill, 20 Frankenthal et al., 2 ' and Whitman and Beran 22 provided an integrodifferential formulation that can be expanded in an asymptotic hierarchy of solutions of simple first-order partial differential equations.
The new formulation was based on a two-scale embedding procedure, and their results compare favorably with existing numerical solutions of the fourth-moment equation. Only plane-wave solutions have been obtained to date, but the treatment is readily applicable to more complicated environments.
In this paper we present a two-scale solution of the twofrequency, plane-wave, fourth-moment equation in two and three dimensions. The mathematical formulation of the problem, Section 2, is followed by a multiple-scale analysis based on a new scale, independent of the strength of the scattering. Thus the results are valid for both strong and weak scattering, as confirmed in Section 4, where they are compared with a Born-type perturbation solution. Section 5 presents some numerical results for the two-dimensional case. Asymptotic analysis of the exact expressions, Section 6, leads to much simpler, yet highly accurate, results.
MATHEMATICAL FORMULATION
In order to investigate the range dependence of the twofrequency intensity correlation, we must study the propagation of the full mixed fourth-order statistical moment defined at the range plane z as
U is the wave's complex amplitude, ( > denotes an ensemble average, and * denotes complex conjugation. {Pi}, i = 1-4 are transverse components of the four points in the z plane, and hi = (oini)/c, i = 1, 2 are the wave numbers (.i and ni are, respectively, the angular frequencies and the refractive indices of the two waves). The equation governing the propagation of r 4 in a statistically homogeneous and isotropic random medium is19 ar 4 i 
where the scattering function
is a linear combination of the functions o(Pi -ps), which are related to the correlation function of the refractive-index fluctuations of the medium a(p, z) by
n(p, z) is the random refractive index of the medium, and we have ignored the effect of dispersion. It is convenient to transform Eq. (2) into the following coordinates":
(lOc) (11) 
TWO-SCALE SOLUTION OF EQ. (6)
In order to apply the two-scale expansion procedure (see Refs. Here we map k 1 and k 2 into an average wave number:
and a difference wave number parameter Q:
where 2 ' our small parameter e measures the (6) narrow forward characteristic scattering angle, and its smallness is independent of the scattering strength. Its choice justifies the application of the two-scale expansion procedure for a wide range of the scattering strength of the (7) medium fluctuations. In the scaled variables of Eqs. (14), Eq. (6) 
(15b) (16) H(p, s, q; Q) = _ t( , ,
)
Note that the scattering term in Eq. (15a) is weighted by i/iF, which must be small for the moment equation to hold.1"
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Since the two-scale expansion procedure has been described extensively in several references (20-22 and 25-28) , (9b) we present here only the general outline of the procedure, emphasizing those modifications required by the two-frequency character of Eqs. (15).
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After Fourier transforming r 4 with respect to the p and p variables, we obtain an integrodifferential equation for the function P 4 (77, s, q, X, z). Then we apply the two-scale expansion to the equation obtained and embed P 4 into a higher-dimensional space. The embedded transform of the fourth moment, P(,, 71, s, s, q, q, X, z), satisfies a corresponding higher-dimensional integrodifferential equation. To solve it, we Fourier transform P 4 with respect to the j1 s, q, and X variables to obtain yet another integrodifferential equation for the function M 4 (v, 1, W, I Iq u, A, z). We now expand the resulting equation into a power series in the small parameter E, thereby generating a heirarchy of linear, relatively simple partial differential equations that can be solved in terms of characteristics. The characteristics of these equations are different from those of the single-frequency case because of an additional coupling introduced by Q. Solving the zero-order equation, we obtain the following expression for the fourth-order statistical moment of the field:
where
Here the function H is given by Eqs. (9) . Setting p = r, s = 0, and q = 0 in Eq. (20) and using the evenness property of function H in its v and jq variables, we obtain the intensitycorrelation function
TWO-SCALE RESULT IN THE PERTURBATION REGIME
Under weak-scattering conditions, k 2 -(0)z << 1, the integral expression in the exponent is small, and the exponential term containing this function can be expanded into a Taylor series. Keeping only the first-order term in the expansion of R12, we find that
. (22) Substituting the function H from Eq. (9a) into Eq. (22), and representing the structure function D(p) by its spectral integral (23) 
we finally obtain 
For a plane wave, the initial source condition is given by
Substituting Eq. (18) into Eq. (17a), we obtain
Returning to the nonscaled variables, we find that 
and define a scattering parameter X exp[i 77 -(P -v* (20) Setting r = 0 in Eq. (27), we obtain the two-frequency scintillation function
(1) (IU2) 01 2 (z; k1, k 2 ) = (28) which becomes
The two-dimensional analogs of Eqs. (27)- (29) 
B. Bichromatic Intensity Correlations
In this subsection we evaluate Eq. (31) for a two-dimensional random medium with a Gaussian correlation function, Eq. (32). Although this structure function is a poor descriptor of the atmospheric turbulence, it can simulate both inner and outer scales, which are missing from the pure Kolmo- 
ANALYTIC EXPRESSIONS IN A STRONGLY TURBULENT MEDIUM
In the Section 5, we expressed the two-frequency bichromatic correlation function, Eqs, (30) and (31) (33) in order to change the limits of integration. Then we introduced explicit dependence on yz by defining the integral of the scattering function:
where h(v, 7; £Q) is related to ft(v, i/, 2Q£2; £) of Eq. (16):
1-£2 ~~+1+£20 (35) Here, we denoted the isotropic structure function 
The scattering parameter 7yo is defined by Eq. (26a).
To facilitate further analysis, we display in Fig. 6 a (v, wq) contour plot of exp[--yozQ(v, A\'Y0/32
in which the inner integrand is independent of yo. From the last expression, it is clear that the exp[-aAk(X)X 3 ] is the cause of the sharp cutoff that appears in Fig. 6 .
The scintillation function 012(r; £) can at last be expanded in a yo series, having the following three leading terms 21 :
where We now split the domain of integration by the diagonal v 7 v and substitute the appropriate approximation from Eq. rZ fo, k=1
We replace z and v by r = Yol/3z and w = 17v/z, respectively, and normalize Ak(X) and Bk(X) to their values at the origin:
where &-1 is the Heaviside step function and M(a, b, x) is the confluent hypergeometric function. the integration variable, X = F132, and note that as 13 
where (q) is a mean value ((a) <<).
Thus when Q id 0 this term represents the exponential decay to zero, and when Q = 0 the scintillation index satu- several reasons for the difference, namely, the quadratic power-law approximation of the Gaussian spectrum, the validity of the Gaussian statistics assumption, and the yet unknown role of higher-order correction terms of the twoscale expansion for the two-frequency case. This point requires further analysis, and we intend to consider it in our subsequent work.
Our results are an extension of the work of Frankenthal et al. 2 
CONCLUSIONS
In this paper we have shown how we successfully applied the two-scale expansion procedure toward the solution of the fourth-moment equation that describes the propagation of parallel plane waves with different frequencies. Expressions were obtained for the bichromatic correlation function. Numerical and asymptotic evaluations of the resulting quadratures gave rise to comprehensible and meaningful conclusions, despite the two-dimensional model used in the computations. The final integrals bear formal similarity to fourth-moment expressions derived from the extended Huygens-Fresnel principle, but the kernels are somewhat different.
It was mentioned in Section 3 that the two-scale procedure generates an infinite asymptotic series, from which we picked only the zero-order term. Higher-order terms can be calculated in principle, but the resulting expressions are fairly complicated for the bichromatic correlation function. Frankenthal et al. 2 1 calculated both the zero-and the firstorder terms in the monochromatic case and showed that the major contribution to the scintillation index (about 85%) comes from the zero-order term, whereas higher-order terms are required for a closer fit. (Incidentally, our choice of the small parameter e gives rise to the same first-order correction as in Ref. 21) . This convergent behavior is quite plausible since successive orders relate to one another through the small parameter E. We may speculate, therefore, that the zero-order bichromatic correlation may be also a good approximation of the exact solution. To get a better assessment of the utility and accuracy of the two-scale approach to two-frequency problems, we are currently studying the three-dimensional zero-order expression, Eq. (27) , as well as higher-order corrections.
